Abstract. For a sequence of coupled fields {(φ n , ψ n )} from a compact Riemann surface M with smooth boundary to a general compact Riemannian manifold with uniformly bounded energy and satisfying the Dirac-harmonic system up to some uniformly controlled error terms, we show that the energy identity holds during a blow-up process near the boundary. As an application to the heat flow of Dirac-harmonic maps from surfaces with boundary, when such a flow blows up at infinite time, we obtain an energy identity.
introduction
This paper is a contribution to the study of coupled field equations on Riemann surfaces, merging the theory of harmonic maps from surfaces with a mathematical version of the nonlinear supersymmetric of quantum field theory. The corresponding action functional couples a term involving what is called the energy of a map from a surface to some Riemannian manifold with a Dirac action for a nonlinear spinor field. The solutions of the resulting Euler-Lagrange equations are called Dirac-harmonic maps [4] . While they share many properties with harmonic maps, their analysis is much more subtle, because the Dirac action is not bounded from below. Therefore, standard variational methods do not apply to show the existence of solutions under general conditions. As an alternative, a new type of mixed parabolic-elliptic partial differential equations has been introduced [5] and further investigated [14] in order to develop new tools for the existence problem. The existence problem is still not fully solved. In order to make progress, results about the behavior at singularities that are known and classical for harmonic maps need to be extended to the Dirac-harmonic case. This is where the contribution of the present paper lies. We study the blow-up process and show a so-called energy identity, that is, all the energy that is removed from the map gets transferred to the bubbles that represent the singularity. In fact, we study this at the boundary, because boundary value problems currently offer the situation where the existence theory is best developed and most promising. In order that our results be applicable to the parabolic case, we have to consider approximate solutions, that is, fields that satisfy the Euler-Lagrange equations up to some controlled error term. This naturally makes the analysis more difficult.
We now fix the technical setting to describe our results in more precise terms. Let (M, h) be a compact connected Riemann surface with smooth boundary ∂M, equipped with a Riemannian metric h and with a fixed spin structure, ΣM be the spinor bundle over M and ·, · ΣM be the metric on ΣM induced by the Riemannian metric h. Choosing a local orthonormal basis e α , α = 1, 2 on T M, the usual Dirac operator is defined as / ∂ := e α · ∇ eα , where ∇ is the spin connection on ΣM, · is the Clifford multiplication, which satisfies the skew-adjointness property X · ψ 1 , ψ 2 ΣM = − ψ 1 , X · ψ 2 ΣM for any X ∈ Γ(T M), ψ i ∈ Γ(ΣM), i = 1, 2.
Let φ be a smooth map from M to another compact Riemannian manifold (N, g) with dimension n ≥ 2. Let φ * T N be the pull-back bundle of T N by φ and then we get the twisted bundle ΣM ⊗ φ * T N. Naturally, there is a metric ·, · ΣM ⊗φ * T N on ΣM ⊗ φ * T N which is induced from the metrics on ΣM and φ * T N. Also we have a natural connection ∇ on ΣM ⊗ φ * T N which is induced from the connections on ΣM and φ * T N. Let ψ be a section of the bundle ΣM ⊗ φ * T N. In local coordinates, it can be written as
where each ψ i is a usual spinor on M and ∂ y i is the nature local basis on N. Then ∇ becomes
where Γ i jk are the Christoffel symbols of the Levi-Civita connection of (N, g). The Dirac operator along the map φ is defined by / Dψ := e α · ∇ eα ψ. An important factor that will enable us to utilize tools from complex analysis is that the usual Dirac operator / ∂ on a surface can be seen as the Cauchy-Riemann operator. Consider R 2 with the Euclidean metric dx 2 +dy 2 . Let e 1 = ∂ ∂x and e 2 = ∂ ∂y be the standard orthonormal frame. A spinor field is simply a map ψ : R 2 → ∆ 2 = C 2 , and the action of e 1 and e 2 on spinors can be identified with multiplication with matrices e 1 = 0 1 −1 0 , e 2 = 0 i i 0 . where
For more details on spin geometry and Dirac operators, one can refer to [18, 1, 9] .
We consider the following functional
The functional L(φ, ψ) is conformally invariant (see [4] ). That is, for any conformal diffeomorphism f : M → M, setting
here λ is the conformal factor of the conformal map f , i.e. f
The Euler-Lagrange equations of the functional L are
where R(φ, ψ) is defined by
Here R m lij stands for the Riemann curvature tensor of the target manifold (N, g). One can refer to [3, 4] . Using Nash's embedding theorem, we embed N isometrically into some Euclidean space R K . Then, the critical points (φ, ψ) satisfy the Euler-Lagrange equations
where / ∂ is the usual Dirac operator, A is the second fundamental form of N in R K , and
Here P (ξ; ·) denotes the shape operator satisfying P (ξ; X), Y = A(X, Y ), ξ for any X, Y ∈ Γ(T N) and Re(z) denotes the real part of z ∈ C. We refer to [3, 4, 34, 6, 28, 13] for more details.
Before we state our main results, let us recall a definition of approximate Dirac-harmonic map in [17] . Denote
is called an approximate Dirac-harmonic map from M to N with boundary data (ϕ(x), χ(x)), if there exists a pair of
h(φ, ψ) = / ∂ψ − A(dφ(e α ), e α · ψ), (1.8) with the boundary data
where B = B ± is the chiral boundary operator defined by
where − → n is the outward unit normal vector field on ∂M, G = ie 1 · e 2 is the chiral operator defined using a local orthonormal frame {e α } 2 α=1 on T M and satisfying:
for any X ∈ Γ(T M). See e.g. [6, 5] for the notion of chiral boundary condition.
Therefore, (φ, ψ) is a Dirac-harmonic map if and only if τ (φ, ψ) = h(φ, ψ) = 0.
Dirac-harmonic maps were introduced in [3, 4] . They are motivated by a model from quantum field theory, the supersymmetric sigma model [7] . This subject generalizes the theory of harmonic maps and harmonic spinors. Similarly to the case of two dimensional harmonic maps, the conformal invariance of the energy functional L leads to non-compactness of Dirac-harmonic maps in dimension 2 and hence one needs to study their blow-up theory, as in [3, 32, 33, 23] . For the blow-up theory of a more general model, whose critical points are called Dirac-harmonic maps with curvature terms, see [13] . For approximate harmonic maps in dimension two, one can refer to e.g. [27, 11, 24, 25, 8, 26, 21, 22, 19, 30, 29] for the interior blow-up case and [15, 16, 10] for the boundary blow-up cases under various boundary constraints.
In order to study the blow-up behavior of the Dirac-harmonic map flow from surfaces with boundary considered in [5, 14] , we introduced the notion of approximate Dirac-harmonic maps in [17] and proved the energy identity and no neck result in the interior blow-up case for a sequence of such maps. In general, this sequence might blow up at a boundary point. In this paper, we shall consider the case that the sequence blows up at the boundary and hence complete the blow-up picture of the Dirac-harmonic map flow.
Denote the energy of φ on Ω ⊂ M by
and the energy of the pair (φ, ψ) on Ω ⊂ M by
We shall often omit the domain M from the notation and simply write E(φ) = E(φ; M), E(ψ) = E(ψ; M) and E(φ, ψ) = E(φ, ψ; M). Based on the interior blow-up results for approximate Dirac-harmonic maps studied in [17] , we state our first main result in this paper concerning the boundary blow-up case: 
and with boundary data
where ǫ > 0 is the constant as in (3.3) . Then S is a (possibly empty) finite set {p 1 , ..., p q , ..., p I },
loc (M \ S) to (φ, ψ) and for each i = 1, ..., I, there is a finite set of Dirac-harmonic spheres (σ ., L i , we know that the image of the map parts σ l i , i = 1, ..., q; l = 1, ..., L i , are connected to the map part φ of the base field (φ, ψ) in the target manifold; this is proved in [17] , the refined bubble tree can be constructed by applying similar arguments as in the harmonic map case given by [2, Section 3] and [20, Appendix] . However, for those Dirac-harmonic spheres splitting off at the boundary blow-up points, i.e. To prove the energy quantization result near the boundary in Theorem 1.1, we shall follow the general blow-up scheme developed for harmonic map type problems, however, the proofs in this case are subtle and there are new difficulties arising when carrying out the neck analysis. Firstly, the method of the three circle type theorem used in the interior case in [17] can not be applied to the boundary case and we need to apply certain integration argument to show the no neck energy property. Secondly, we need to establish a new Pohozaev type identity for approximate Dirac-harmonic maps from surfaces with boundary (see Lemma 2.2) which requires some algebraic property for the spinors, see (2.10). Moreover, we need to derive a new Pohozaev type estimate (see Corollary 2.3) by carrying out some exponential decay estimates, which are crucial in the proof of the above theorem. Finally, we would like to remark that the bubbling analysis at the boundary is more complicated than in the interior case and here we follow the scheme developed for approximate harmonic maps in [15, 16] .
With the help of Theorem 1.1, we can now study the asymptotic behavior at infinite time for the Dirac-harmonic map flow in dimension 2.
The notion of Dirac-harmonic map flow was introduced in [5] . In this flow, one seeks a pair of fields (φ, ψ) :
with the following boundary-initial data:
where τ (φ) := ∆φ + A(φ)(∇φ, ∇φ) is the tension field of φ, M is a compact spin Riemannian manifold with smooth boundary ∂M and of dimension dim M ≥ 2 and
are given data. The short-time existence for the above flow (1.16) (1.17) was proved in [5] .
When M is a surface, it was shown in [14] that there exists a unique global weak solution defined in [0, ∞) × M to (1.16) with initial-boundary data (1.17) under some smallness assumption for φ 0 H 1 + Bχ L 2 , which has at most finitely many singular times and enjoys the following property:
It follows from (1.18) that there exists a sequence t n ↑ ∞ such that
is a sequence of approximate Dirac-harmonic maps with boundary-data (ϕ, χ) and satisfying
When such a flow blows up at infinite time and at interior points, it was proved in [17] that an energy identity and no neck property hold during the blow-up process. In this paper, as an immediate corollary of Theorem 1.1 and as a complement of the blow-up picture at infinite time of such a flow given in [17] , we obtain Theorem 1.3. Let M be a compact spin Riemann surface with smooth boundary ∂M. Let 
with boundary data φ ∞ | ∂M = ϕ and Bψ ∞ | ∂M = Bχ, nonnegative integer I and a possibly empty set with at most finitely many points
This paper is organized as follows. In Section 2, we extend some basic lemmas to the boundary case, such as small energy regularity, Pohozaev's identity and removable singularity. Then, we recall some known results which will be used in this paper. In Section 3, we prove our main Theorem 1.1.
Some basic lemmas
In this section, we will prove some basic lemmas and recall some known results which will be used in this paper.
By standard elliptic theory, there exists a unique solution
For simplicity of notation, in the sequel, we will also denote this solution as ϕ.
Firstly, we prove a small energy regularity theorem for the boundary case. For similar results for approximate harmonic maps, one can refer to the main estimate 3.2 in [27] and Lemma 2.1 in [8] for the interior case and one can also refer to Lemma 4.1 in [15] , Lemma 2.4 in [16] for various boundary cases.
p and h(φ, ψ) ∈ L q for some 1 < p ≤ 2 and some 4 3 < q ≤ 2, and with boundary data (1.9), satisfying
Moreover, by the Sobolev embedding
Proof. Without loss of generality, we assume
by standard theory of first order elliptic equation, for any 1 < q < 2, we have
Taking ǫ 0 > 0 sufficiently small, by Sobolev embedding, we get
Computing directly, we obtain |∆(ηφ)| = |η∆φ + 2∇η∇φ + φ∆η|
By standard elliptic estimates and Poincaré's inequality, for any 1 < p < 2, we have
Taking ǫ 0 > 0 sufficiently small, we have
So, we have proved the theorem in the case 1 < p < 2, 4/3 < q < 2.
For the case p = 2, 4/3 < q < 2, taking p = q 2(q−1) ∈ (1, 2) and p = 4 3 in (2.4), by Sobolev embedding, we have
By (2.3) and the W 2,2 -estimate for the Laplace operators, we obtain
For the case q = 2, 1 < p < 2, taking q = 2p 3p−2
By (2.4) and W 1,2 -estimates for the Dirac operator, we arrive at
For the case p = q = 2, taking q = 15] and Lemma 2.5 in [16] for various boundary cases.
Lemma 2.2. (Pohozaev type identity)
is an approximate Dirac-harmonic map with boundary data (1.9) on ∂ 0 Ω, then for any 0 < t < , we have
where (r, θ) are polar coordinates in D centered at 0, φ r = Before we prove this lemma, let us recall two basic facts for Dirac operators and spinors with chiral boundary constraint,
where − → n is the unit normal vector field on ∂M.
For a proof of this straightforward fact, see e.g. [ [6] , Prop 3.1].
we get
, e α · ψ); ψ)) dx
On one hand, by integrating by parts, we have
where the last equality follows from the fact that
On the other hand, by Fact 2 , we get
Integrating by parts, it follows that
Thus, we have
Combining these estimates, we get (2.7). This finishes the proof of the lemma.
As a consequence of Lemma 2.2, we derive the following Pohozaev type estimate, which plays a key role in the proof of Theorem 1.1.
Corollary 2.3. (Pohozaev type estimate) Under the assumption of Lemma 2.2, if
then for any 0 < t < 1 4 and 0 < ε < 1 4 , we have
where C is a positive constant depending only on Λ, N, ϕ C 2 , χ C 1 .
Proof. Firstly, by equation (1.8) and elliptic theory, we have , we obtain
As for I 5 , we have
where the last equality follows from Fact 1 which tells us that 1
Computing directly, we get
) .
By Hölder's inequality and trace theory, we have 1
where C is a constant depending only on χ C 1 . Then (2.17) implies
For I 7 and I 8 , it is easy to see that
Multiplying (2.14) by 1 t and integrating from t to 2t, we get
where the last inequality follows from Young's inequality, the trace theory
and the fact
. This finishes the proof.
In the end of this section, we recall some known results for (approximate) Dirac-harmonic maps which are used in this paper.
Theorem 2.4 (Theorem 2.1., [17] ). There is a small constant ǫ
p and h(φ, ψ) ∈ L q for some 4 3 ≤ p ≤ 2 and some 8 5 ≤ q ≤ 2, and satisfies
φdx and C > 0 is a constant depending only on p, q, N.
Moreover, by the Sobolev embedding
Proposition 2.5 (Theorem 3.1 in [3] ). There exists an ǫ 1 > 0 depending on N such that if (φ, ψ) is a smooth Dirac-harmonic map from the standard sphere S 2 to a compact Riemannian manifold N satisfying
then φ is a constant map and ψ ≡ 0. 
Then φ is a constant map and ψ ≡ 0.
Energy identity
In this section, we will prove our main Theorem 1.1. Since the interior blow-up behavior was already studied in [17] , we only need to consider the boundary blow-up behavior.
Firstly, we consider the following simpler case of a boundary blow-up point.
Then there exist a subsequence of (φ n , ψ n ) (still denoted by (φ n , ψ n )) and a nonnegative integer L such that, for any i = 1, ..., L, there exist points x 
(5) Energy identity: we have
Proof. By assumption, without loss of generality, we may assume that 0 is the only blow-up point of the sequence {(φ n , ψ n )} in D + , i.e. [8, 3] ), we can assume that, for any n, there exist sequences x n → 0 and r n → 0 such that
Firstly, we make a Claim 1:
If not, after taking a subsequence, we may assume lim n→∞
and B n := {x ∈ R 2 |x n + r n x ∈ D + }.
as n → ∞. It is easy to see (u n , v n ) lives in B n and satisfies
with the boundary data
By (3.4), Theorem 2.4 and Theorem 2.1, we have
Then there exist a subsequence of (u n , v n ) (also denoted by (u n , v n )) and a Dirac-harmonic 0, a) ), then we get, for any R > 0,
Combining this with (3.7) and noting that the measure of
Therefore, by (3.4), we can obtain E( u
. However, by Theorem 2.6, we know u 1 is a constant map and v 1 ≡ 0. This is a contradiction. We proved Claim 1.
Under the assumption lim sup n→∞ dist(xn,∂ 0 D + ) rn = ∞, we can see that (u n , v n ) lives in B n which tends to R 2 as n → ∞. Moreover, for any x ∈ R 2 , when n is sufficiently large, by (3.4), we have
According to Theorem 2.4, there exist a subsequence of (u n , v n ) (we still denote it by (u n , v n )) and a Dirac-harmonic map (u
. By the standard theory of Diracharmonic maps [3] , (u 1 (x), v 1 (x)) can be extended to a nontrivial Dirac-harmonic sphere which is usually called the first bubble.
By the standard induction argument in [8] , we only need to prove the theorem in the case where there is only one bubble. For the more bubbles case, i.e. the bubble tree, we just need to distinguish "neck domains" which is almost the same as in the blow-up theory of approximate harmonic maps. See [20, 2] for details. Then we can estimate the energy concentration on each "neck domain" by using the proof of the one bubble case.
Under this assumption, we have the following: Claim 2: for any ǫ > 0, there exist δ > 0 and R > 0 such that
when n is large enough.
In fact, if (3.10) is not true, then we can find t n → 0, such that lim n→∞ tn rn = ∞ and ǫ ′ > 0 such that
Passing to a subsequence, we may assume lim n→∞ dn tn
For simplicity of notation, we also denote
and 0 is also an energy concentration point for (u n , v n ). We have to consider the following two cases:
Here, we also need to consider two cases. 
) . According to (3.11), we have
However, Theorem 2.6 tells us that u is a constant map and v ≡ 0. This is a contradiction.
(a-2) (u n , v n ) has another energy concentration point p = 0.
Without loss of generality, we may assume p is the only energy concentration point in D r 0 (p) for some r 0 > 0. By the standard argument of blow-up analysis, there exist sequences x ′ n → p and r ′ n → 0 such that
By (3.4), we have r ′ n t n ≥ r n and taking a subsequence, we may assume
Furthermore, we know d must be ∞ (the proof is the same as for Claim 1). Then similar to the process of constructing the first bubble, there exists a nontrivial Dirac-harmonic map
as n → ∞. This is
Thus, (u 2 , v 2 ) is also a bubble for the sequence (φ n , ψ n ). This is a contradiction to the one bubble assumption.
In this case, B ′ n will tend to R 2 as n → ∞. Again, we need to consider the following two cases.
(b-1) (u n , v n ) has no other energy concentration points except 0.
According to (3.11) , Theorem 2.4, Theorem 2.1 and the process of constructing the first bubble, we know that there exists a nontrivial Dirac-harmonic map (u 2 , v 2 ) : R 2 → N such that, passing to a subsequence,
as n → ∞. Then, we get the second bubble (u 2 (x), v 2 (x)) which contradicts the "one bubble" assumption.
(b-2) (u n , v n ) has another energy concentration point p = 0.
Similar to Case (a-2), there exist sequences x ′ n → p and r ′ n → 0 satisfying (3.12) and
Moreover, by the process of constructing the first bubble, there exists a nontrivial Diracharmonic map (u 2 , v 2 ) : R 2 → N such that, as n → ∞,
that is
So, we get the second bubble (u 2 (x), v 2 (x)). This also contradicts the "one bubble " assumption. Thus, we proved Claim 2.
Under the "one bubble" assumption, by (3.9) , it is easy to see that energy identity (3.1) and (3.2) are equivalent to (3.13) lim
rnR (x n )) = 0 and (3.14)
lim
Without loss of generality, we may assume δ = 2 mn r n R for some positive integer m n which tends to ∞ as n → ∞. We denote
Firstly we use a finite decomposition argument that is similar to those in [31, 32] 
, j = 1, ..., s n , (3.15) where C 1 (N) > 0 is a constant depending only on N to be determined later and S is a uniform integer for all n large enough.
From (3.10), for any ǫ <
, we have
, let k 1 = m n and then Q 1 = Σ. Otherwise, we can choose an integer 1 ≤ k 1 < m n such that 1
and E(φ n , ψ n ;
This is the first step of the division. Inductively, suppose that k j is chosen such that E(φ n , ψ n ;
. If
,
If not, then similar to the first step, we can find
.
Since E(φ n , ψ n ) is uniformly bounded by Λ, we will finish our division after at most S = [2C 1 (N)Λ] + 1 steps. So we have finished the division.
By the standard elliptic estimates, we have
where the last inequality is from (3.10) and (3.15) . Then, taking C 1 (N) = C 2 (N) + 1, by (3.10) and Sobolev embedding, we have
So,
This is (3.14) .
Similar to the boundary blow-up cases for approximate harmonic maps studied in [15, 16] , we
when n is large.
Since lim n→∞ d n = 0 and lim n→∞ dn rn = ∞, when n is large enough, it is easy to see that
By assumption (3.10), we have
By (3.10), Theorem 2.4, Theorem 2.1 and the standard scaling argument, we get
for any t ∈ (2r n R,
, by the energy identity of approximate Dirac-harmonic maps with interior blow-up points (see Theorem 1.2 in [17] ), there holds (3.19) lim
Therefore, we just need to estimate the energy concentration in Ω 2 . Here, we use a similar method as in [15, 16] .
Define
, Φ n (x) := φ n (x) − ϕ(x), x ∈ Ω 2 and Φ n (x) := Φ n (x), x ∈ Ω 2 , −Φ n (x ′ ), x ∈ Ω 2 \ Ω 2 , (3.20)
where x = (x 1 , x 2 ) and x ′ = (x 1 , −x 2 ). It is easy to see that Φ n (x) ∈ W 2,∞ ( Ω 2 ) and satisfies the following equation ∆ Φ n (x) = ∆φ n (x) − ∆ϕ(x), x ∈ Ω 2 , −∆φ n (x ′ ) + ∆ϕ(x ′ ), x ∈ Ω 2 \ Ω 2 , (3.21) where ∆φ n (x) = −A(dφ n , dφ n )(x) + Re (P (A(dφ n (e α ), e α · ψ n ); ψ n )) (x) + τ (u n )(x).
Without loss of generality, we may also assume 
Integrating by parts, we get
On the one hand, we have
By direct computation, we obtain
( ∂φ n ∂r ∂ϕ ∂r − ∇φ n ∇ϕ)dx + 2
On the other hand, by (3.21) and (3.22), we have
From the above, by Corollary 2.3 (taking ε = 1 2
), we get
Summing i from 1 to m ′ n , we get
|ψ n | 4 dx + Cδ. (3.23)
As for the boundary term, by trace theory, we have 
where the last second inequality can be derived from Theorem 2.1.
